Theory of Elasticity

David Gelashvili

TO WARD THE THEORY OF DYNAMIC PROBLEMS OF COUPLE-STRESS
THERMODIFFUSION OF DEFORMABLE SOLID MICROPOLAR ELASTIC BODIES

Abstract. The matrices of fundamental and other singular solutions are constructed for system of
stationary oscillations of the theory of couple-stress thermodiffusion of deformable solid micropolar elastic
media in the three-dimensional case and their properties are established. The basic and mixed generalized
potentials are constructed and and their boundary and differential properties indicated.
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Connection between processes of strain, torsion-bending, heat conduction and diffusion in micropolar
solid isotropic elastic media is described by the second order eight scalar partial differential equations [1]

L (;x,a> Ulz,0) =0, (1)

where L (8%’ O’) - matrix differential operator of size 8 x 8
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L7 =6 A +icay, Lgg = d2A+icas, Lzg= Lgy =icays.

U = (u,w,ur,ug)* = |lugllsx1, w = (ui,us,uz)* - displacement vector, w = (w;,ws,w3)* - rotation
vector, w7 - temperature variation, ug - chemical potential of the domain, x = (z1,x2,23) - point of
Euclidean space E®, * indicates on the operation of the transformation, A - three-dimensional Laplacian
operator, d;; - Kronecker’s symbol, e;;; - Levi-Civita’s symbol, A, u, 0,1, v, o, 8,€,71, 72, 61,02, a1, a2, a1z
- known elastic, thermal and diffusional constants, which satisfy natural restrictions [1,2]

0>0, £>0, 3A+2u>0, >0, 6 >0, a3 >0, ~ >0, 3)
I>0, v>0, 3e+2v>0, 3>0, 62>0, a2>0, 7% >0, a’y—ajas <O0.

o - real or complex parameter.
Let
q)($70) = ||(I)ij(x7J)H8><8 = ||(I)17(I)27 ey (I>8||_ (4)

matrix of fundamental solutions of system (1), where ®F(z,0) = (P14, Pop,..., Psr)*, k = 1,...,8 -
vector-columns, which satisfy homogeneous equation L (Z,0) ®*(z,0) =0, for Vz € E3\ {0}.



Let o # 0 and we shall secking ®(z,0) in the form
®(z,0) =L (a,a) o(z,0), (5)
Ox
where L (Z,0) is connected with L (2,0) matrix:
i(;:’U)-L(;:c’U) EL(i,U)-ﬁ(fx,o)EldetL <;I,U>, (6)
I - unit matrix of size 8 x 8. Hence,

detL (;z,a> o(x,0) =0. (7)

Direct calculations give

6
detL <aaa:’0) =610 +2u) (e +2v) (u+ @) (v + B)* (A + A (A + AZ) H (A+ A7), (8)

j=1

where constants A2,k =1,...,6 are defined from the identities
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It is shown that A2, k=1,...,5 are complex values.
Noting, that all elements of matrix L (Z,0) contain multiplier (A+3)(A + A2) : L (2,0)
Lo (61, o) (A+A3)(A+A2) , we shall have on account of ¢(z, ) = 0102(A+2p)(e+2v) (u+a)? (v+8)%p(z, o)
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[Ta+X)é,0)=o0. (10)
k=1
From this follows
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Picking up constants by, k = 1,...,6 in that way that partial derivatives of ¢ of 9-th order will have
particlarity |z|~!, we shall have (on the assumption of A} # )\?, k#£7=1,..,6)

5
71 .
by, = o H _)\2) k=1,..,6,\j56 = Aj,7 =1,...,5.
j=1 k+J

Substituting this founded value of (A + A2)(A+ A\2)p = 5162(>\+2H)(5+21V)(M+a)2(V+ﬁ)2 ¢ in (5), we arrive at
the seeking matrix of fundamental solutions ®(zx,0).
Next identity is valid
(I)*(*xv U) = é(xv U)v

where é(ax o) - matrix of fundamental solutions of conjugated operator L (a%, 0) .



Let D C E® - finite area, surrounded by the Liapunov surface S, and U - regular in D vector [2].
From the corresponding Green’s formula, in the standard way we obtain representation formula for the
regular vector

/S[Q(,,)@*(x —y,0)]*PpyUdys — /S[P(p)cb*(x —9,0)]* QpyUdys—

2U(z),Vx € D,

/ &(x—y,0)L (;,O’) Udy = U(z),Vx € S, (12)
D v 0,Va € E3\ D,
p=0,1,2,3, Py=R, Q= 10,%]lsxs , where
8U7 8u8 *
= H _— _
RU ( U761 an 752 an) )
8’&7 8”8 *
P(p)U = HUv _(511; + 621;)“7 + 53p51%7 _(511) + 53p)u8 + 521762% D= ]-a 2; 37
. au7 aug *
QU = U, (01 + 52p51% — G3pur, (01p + 53p)52% —ogpus | ,p=1,2,3,

HU = (T(u,w) — y1nur — yanug), T - stress operator of couple-stress elasticity [2]. R, ﬁ(p), sz) - conju-
gated operators.

Formulas (12) indicate on the construction of basic potentials of the theory of couple-stress thermod-
iffusion. Investigation of these potentials is passing by the same scheme, which is indicated in [2]. All
theorems hold, with the corresponding alterations for the potentials of the couple-stress thermodiffusion.
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